INTRODUCTION
A topic of ongoing interest to the manufacturing community is the development of models to simulate ultrasonic (UT) inspections of manufactured parts. In previous work [1] we presented a model approach for predicting the effects of internal flaws upon throughtransmitted UT signals. This approach, which combines Auld's reciprocity formula and a Kirchhoff approximation, proved very successful in simulating normal-incidence inspections of graphite/composite plates containing seeded delaminations. A key ingredient of our approach is the Gauss-Hermite (GH) model for the propagation of bulk ultrasonic waves in homogeneous media [2, 3] . This beam model, in which one expands a time-harmonic displacement field in terms of a truncated set of Gauss-Hermite basis functions, has a number of desirable features. The ultrasonic transducer generating the waves may be planar, focussed, or of unusual design. The expansion coefficients which multiply the basis functions are obtained by numerical integrations over the face of the transducer. Once these transducer-dependent constants have been calculated, displacement fields can be rapidly computed. Paraxial approximations are available which describe how a given expansion function is modified by passage through a planar or curved interface. The use of these approximations makes the model especially well suited for problems in which a beam is being propagated through successive layers of material: computation times are nearly identical for single-layer and multi-layer problems. The layers can be either isotropic or anisotropic in nature, although in the current formulation of the model there are some restrictions on the direction of propagation for anisotropic materials [3] . Because the model employs paraxial approximations it is not appropriate for highly divergent beams, or for beams striking interfaces near the critical angle of incidence.
Past through-transmission studies [1, 4] , in which ultrasonic beams were normally incident upon submerged composite plates, found the predictions of the GH model to be in good agreement with experiment. In the present paper we extend these studies to oblique incidence. In the following sections we describe a simple through-transmission experiment employing isotropic and anisotropic plates oriented at an angle to an incident ultrasonic beam. We then compare experimental results with the predictions of the GH model, and document the systematic breakdown of the model as the angle of incidence increases. We conclude with a brief discussion of our findings.
EXPERIMENTAL GEOMETRY AND PROFILE CHARACTERISTICS
To test the GH model at oblique incidence we used the experimental arrangement shown in Fig. 1a . Two planar transducers were placed in a water tank and aligned so that their active Received amplitude at frequency f faces were parallel. Pulsed broadband transducers having center frequencies of 10 MHz, and diameters of 0.25 inches were used. A plate of material was inserted between the transducers and rotated through an angle 9 1 from normal. Experiments were performed using a 2.54 em thick plate of fused silica (isotropic) and a 0.75 em thick plate of uniaxial graphite/epoxy composite (anisotropic). In each case the transmitter was fixed in position, and the receiver was scanned perpendicular to the emerging beam along the x -axis of Fig. 1 a. Here x=O is defined as the receiver position at which the maximum signal is obtained when 81 =0". When 81=0", the waterpaths from each transducer to the plate were 5.0 em, and the rotation point was at the center of the plate, midway between the transducers. At each receiver position the received UT time-domain pulse was digitized and Fourier analyzed. This permitted the display of received amplitude at a fixed freQuency (f) and tilt angle (91) as a function of the receiver position (x), as shown schematically in Fig. lb . Such received-amplitude-vsreceiver-position curves will be referred to as "amplitude profiles". All amplitude profiles presented in this paper are for soundpaths having bulk longitudinal or quasi-longitudinal wave types inside the solid. For the central ray from the transmitter, the angles of phase and energy propagation within the solid (measured from a normal to the water/solid interface) are denoted by 82p and 92E· respectively.
The amplitude profiles for this three-layer geometry (water-solid-water) can be straightforwardly predicted using the GHbeam model. The transmitter is modelled as an ideal piston probe of nominal diameter (0.25 inches), its expansion coefficients are calculated, and the basis functions are individually propagated through the layers to the receiving plane. The resulting displacement field is then evaluated by summing the basis functions, and this field is integrated over the face of the receiver to deduce the response. Within each layer, the model approximates the exact slowness surface with a paraboloid whose axis is parallel to the phase propagation direction of the central ray. The paraboloid curvatures are generally different for each frequency, because the angular width of the beam (and hence the region of importance on the slowness surface) is frequency dependent. Methods for fitting a paraboloid to the "forward" portion of the slowness surface were discussed in Ref. [ 4] . Here we have used a fitting algorithm similar in spirit, but somewhat simpler in detail, to that used to estimate the "optimal paraboloid" in Ref. [4] . Details of the fitting procedure will be deferred to a later publication. Briefly, the UT field generated by the transducer is written as an angular spectrum of plane waves, and the 1/e points of the plane wave amplitude function are used to define ray directions in the water. Snell's law is then applied to determine corresponding phase propagation directions in the solid for the central and "1/e" rays. Constraints are then applied to fit the paraboloid to the exact slowness surface along the central ray and "1/e" ray phase propagation directions.
To document the comparison between theory and experiment it is helpful to define several characteristics of the amplitude profiles. Four such characteristics are depicted in Fig. 1 b: xmax denotes the lateral location of the peak amplitude in our coordinate system (xmax=O at 81 =0"); Amax is the peak amplitude in a system of units where Amax= 1 at 81 =0" for each frequency; w=a+b is the lateral full width of the profile at the 1/e level; the skewness parameter s=b/a is a measure of the asymmetry of the profile. For our geometry, the paraxial GH model predicts the skewness parameter to be unity for all frequencies and all angles of incidence. In the plane of Fig. 1a , the displacement field leaving the transmitter is symmetric about the central ray direction, and is thus represented by a superposition of symmetric (even) expansion functions. In the paraxial approximations used to traverse interfaces, the directions of phase and energy propagation, the radii of phase curvature, and the width parameters of a basis function change upon transmission; however, each basis function maintains its even or odd nature. Because the receiver is scanned perpendicular to the central ray, and only even basis functions appear, the predicted amplitude profile is symmetric about its midpoint
COMPARISONS OF THEORY AND EXPERIMENT
Typical measured and predicted amplitude profiles for the fused silica specimen are displayed in Fig.2 . There results are shown for three specimen tilt angles (i.e., angles of incidence in water): 91=0°, 8°, 12°. The corresponding angles of phase or energy propagation in the solid are 92p=92E=QO, 34°, and 57° respectively, and the critical angle of incidence for longitudinal waves is 91 =9c= 14.4°. The vertical scale in Fig. 2 is fixed by defining the peak amplitude to be unity at 91=00. As the tilt angle increases, several trends are evident: the location of the maximum shifts to the right because of lateral refraction within the solid; the profile broadens because of diffraction over the increasing effective pathlength; and the peak amplitude decreases because of diffraction and the angular dependence of transmission coefficients. The agreement between theory and experiment is excellent at the lower angles, but clear differences can be seen at 91=12°. As previously noted, the paraxial model predicts the amplitude profile to be symmetric about its midpoint The experimental results at 91 =12° are clearly skewed to the left of center.
The sources of the observed differences between theory and experiment can be illustrated using Fig. 3 . The UT displacement field emanating from the transmitter can be written as an angular spectrum of plane waves. For a given frequency, the amplitude of the plane wave components is greatest in the forward direction, and drops by a factor of 1/e at an angle of Fig. 3 . Also notice that the leftmost ray travels a shorter distance through the solid and would normally be attenuated less than the others, although attenuation is not a factor in fused silica at these frequencies. In isotropic solids, these three effects of asymmetric refraction, transmission, and attenuation work together to concentrate the sound field to the left of the central ray, and to disperse and diminish the field to its right This leads to the skewing of the experimental amplitude profile that is seen in the lower portion of Fig. 2 . The model calculations, with their paraxial assumptions, do not properly treat these effects. Thus we can expect to see differences develop between measured and predicted profiles as 81 increases and the frequency decreases.
Measured and predicted amplitude profile characteristics, as functions of the tilt angle 9t, are compared at several frequencies in Fig. 4 for the fused silica specimen. The breakdown of the paraxial theory is most clearly seen in the developing asymmetry of the profiles with increasing 81. Noticeable departures from the predicted s=l can be seen in the experimental results beyond 9t=100 (92=45° inside the solid). As expected, the departures from unity are greatest for the lower frequency components which possess the larger beam divergence angles. The three-ray picture of Fig. 3 , which does not treat the averaging of the UT field over the face of the receiver, tends to overemphasize the asymmetry. For example, at 10 MHz and 9l=l2'l, the measured asymmetry ratio was s=b/a=1.40, while the three-ray picture yields b'/a'= .69. The paraxial model predicts that the receiver location, Xmax, at which the peak signal is observed should be independent of frequency for fixed 9t. Because of the selective concentration of sound intensity to the left of the central ray, the observed peak locations fall to the left of those predicted by the GH model. Again the discrepancies are greatest at the lower frequencies and larger tilt angles. The model was also found to overestimate the profile widths (w) and to underestimate the peak amplitudes (Amax). The lower experimental widths are due, in part, to the loss of sound intensity from plane wave components which approach the water/solid interface beyond the critical angle of incidence. Such losses are not treated by Angle of incidence, 9 1 (degrees) Angle of incidence, 9 1 (degrees) Fig. 4 . Measured and predicted characteristics of the amplitude profll.e curves for the fused silica specimen.
the model. Overall, the paraxial GH model did a credible job of simulating the throughtransmission experiments with the fused silica specimen for angles of incidence 91 <100 (92<45°).
The graphite/epoxy (AS-4/3502) plate used in the experiments was 0.75 em thick, and constructed of 64 plies with all fiber directions aligned. The elastic constants for the uniaxial plate, treated as an anisotropic homogeneous solid, had been determined previously by speed of sound and Poisson's ratio measurements [4] . Two geometrical configurations were studied. In the first, the graphite fibers were perpendicular to the plane of Fig. 1 a, and hence perpendicular to the x'-axis shown in that figure. In the second configuration, the fibers were parallel to the x'-axis. In this material the speed of quasi-longitudinal waves is three times larger along the fibers than it is perpendicular to them. As a consequence the slowness surface is very non-spherical, and sound energy tends to track along the fibers when given the opportunity. This tendency of ultrasonic energy to follow the fiber direction is demonstrated in Fig. 5 . There, the received signals were passed through a 16 MHz high-pass filter to isolate the higher frequency, (least divergent) components of the ultrasonic beam. The figure displays the receiver location at which the largest peak-to-peak signal was seen as a function of the specimen tilt angle . The lateral beam shifts are seen to be quite modest for configuration 1, where the beam must travel perpendicular to the fibers to reach the receiver. The shifts are much larger for configuration 2, in good agreement with the predictions of the GH model. measured 2, 4, 6, and 10 MHz profiles have their peaks at nearly the same receiver location (x), as predicted by the paraxial model. The lower frequency profiles are generally broader, as expected from diffraction considerations, although the 10-MHz profile was found to be slightly wider that its 6-MHz counterpart near the peak. This crossover phenomenon was well reproduced by the GH model calculations. Overall, the level of agreement between experiment and theory in Fig. 6 is quite good. A similar comparison between experiment and theory at the same tilt angle (81=6°) but for configuration 2 is presented in Fig. 7 . There the overall agreement is quite poor. The same discrepancies between theory and experiment which were observed in the fused silica work at large tilt angles can be seen in Fig. 7 : each measured profile is skewed, shifted to the left, and narrower than predicted, and the differences are most pronounced at the lower frequencies.
The differing levels of agreement between theory and experiment seen in Figs. 6 and 7 can be understood by applying the simple three-ray picture of Fig. 3 to the composite specimen. Consider a tilt angle of 6° and a frequency of 10-MHz, for which the beam divergence angle in water is B=l.2°. From left-to-right in Fig. 3 , the three rays then strike the plate at angles of incidence of 91=4.8°, 6.0", and 7.2°. For configuration 1, the directions of phase or energy propagation of the three transmitted rays within the plate span only a modest angular range (9zp=9zE= 10.2°, 12.6°, and 15.1°, respectively), and the distance ratio b'/a' is found to be 1.002. For configuration 2, the phase propagation angles within the plate are again modest (9zp= 10.6°, 13.8°, 18.5°); however, the energy propagation directions span a wide angular range (9zE= 40.9°, 61.2°, 75.2°) and one finds b'/a'=l.62. In addition, the angular dependence of transmission coefficients is much stronger for configuration 2. The products of the transmission coefficients into and out of the plate for the three rays in configuration 1 are in the proportions 1.01 : 1.00 : 0.99 from left to right in Fig. 3 . For configuration 2, the corresponding proportions are 1.28 : 1.00 : 0.59. Thus, on the basis of the three-ray picture, it is not surprising that the paraxial GH model works well for composite configuration 1, but poorly for configuration 2 when 81 =6°. In configuration 2, for the frequency range studied, the paraxial model predictions were in good agreement with experiment only for specimen tilt angles below about 4°. As in the fused silica experiments, a good measure of the level of agreement is the skewness parameter s of the amplitude profile. When the measured value of sis near unity, theory and experiment generally agree well in all particulars. Fig. 8 displays the measured skewness as a function of tilt angle for configuration 2, averaged over several trials using different portions of the composite plate. Beyond 81 =5°, (i.e., 9zE=44°), significant departures from s=1 can be seen for all frequencies< 10 MHz. We have carried out a series of oblique-incidence, through-transmission experiments to test the paraxial Gauss-Hennite beam model. The design of the experiments was such that departmes from model predictions show up as asymmetries in measured amplitude profile curves. For our geometry, employing 0.25 inch diameter, 10 MHz planar transducers, the model generally performed well whenever the angle of energy propagation for the central ray within the solid was less than 45°. For composite specimens, this Ow=45° limit can be exceeded at quite modest angles of incidence (81 =5°) when the fiber direction is not perpendicular to the beam. As expected for a paraxial model, the accuracy of the predictions was strongly dependent upon the angular width of the incident beam, which in tum depends upon the diameter and frequency of the transmitting transducer The model can be expected to perform best for larger transducers and higher frequencies. Here a simple three-ray picture, which takes into account beam divergence and refraction phenomena, was successfully used to judge the applicability of the GH model in a given setting.
The GH model employs paraxial approximations in two different ways. For propagation through the interior of a layer, the model makes a Fresnel approximation, essentially representing an exact slowness surface with a paraboloid. For transmission through an interface, an approximation is used in which each expansion function passes through the interface with its basic character (symmetry) intact We believe that the breakdown of the model with increasing 81, documented in this work, is associated with the latter approximation. In circumstances where the current model formulation is inadequate, one could adopt an alternative transmission algorithm, such as that suggested by Thompson et. al [5] . Prior to crossing an interface, the ultrasonic displacement field could be evaluated by summing the expansion functions. Energy conserving ray tracing could then be used to estimate the field on the opposite side of the interface, and this estimated field could be treated as a new source and propagated using the GH expansion method. This approach would require longer computing times, but should improve the accuracy of the model when the situation warrants.
